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Suppose jj.~, y) is an indefinite quadratic form with integer coeflicients and 
irrationa1 roots. Let p(f) denote the minimum value of if(.x, y)i on 2 x Zj { (0,O) ). 
The author shows that for any solution (x, JJ) E Z x Z of f(x, J) = &J&J the ratio 
x/.v is a convergent of the continued fraction of one of the roots ofJ except in the 
case whereJ(.r, .v) is equivalent but not equal to the form x2 - x.v - yz. In this latter 
case there is only one exceptional solution, which the author completely describes. 
This improves a special case of a theorem of Serret [S]. c, 1986 Academic Press, Inc. 
1. INTRODUCTION 
An important application of the arithmetical theory of quadratic forms is 
the determination of all integral solutions x, y of the Diophantine equation 
where 
f(x, y) = ax2 + bxy + cy2 = a(x - py)(x - oy) 
is an indefinite quadratic form with rational coeficients a, b, c and 
irrational roots p, C, and where H # 0 is an integer. 
By the classical results of Euler, Lagrange, and Legendre, it is well 
known that the integral solutions of (1) are cIosely related to the con- 
vergents in the continued fractions for p and C. For instance, if f(x, y) = 
x2 - IIy2, with II > 0 an integer and not a square, and if 0 K 1 HI -C 3, then 
every positive solution is such that x,/y is a convergent to ,,6 (Lagrange). 
The latter statement is a special case of the following more ‘general 
situation considered by Serret [8, p. 801. 
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THI~OR~ME. Les nombres D, E, F, H &ant des entiers et H&ant -CA 
(A = E2 - DF), si les entiers positifs P et Q, supposh premiers entre eux, 
satisfont b l’&quation 
Dy= - 2Eyz + Fz= = k H, 
la fraction P/Q sera nkessairement une Gduite de l’une des fractions con- 
tinues qui reprksentent les racines de l’iquation 
Dx2 - 2E.x + F = 0, 
sauf une lt!gt?re exception dont il sera park!. 
Assuming D > 0, H > 0, Serret proves that the case 
is exceptional for 
DP2 - 2EPQ + FQ= = -H, (3) 
in the sense that if (2) and (3) hold, then P/Q is not necessarily a con- 
vergent to either root of Dt2 - 2Et + F= 0. 
However, such special solutions as P, Q of (2), (3) were not explicitly 
described by Serret, and have apparently been overlooked in the sub- 
sequent literature. 
The aim of the present note is the study of equation (1) in the important 
case 
ff= AAfL 
where 
is the minimum of the form j 
In the above example j(x, y) = x2 - Dy2, this gives the classical Pell 
equation x2 -Dy== &l. 
We shall give (Theorem 1) a necessary and sullicient condition for the 
equation 
fk Yl= k/J(f) (4) 
to have an exceptional solution x, y, i.e., such that x/y is not a convergent 
p,,/q” to either root ofJ We shall obtain an explicit formula for the excep- 
tional solution, showing that x, y can be expressed in terms of the sequen- 
ces pn and q,,, even though x/y is not itself of the form pJq,,. 
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We remark that our method could be easily extended to explicitly yield 
all the solutions of (4). This can be applied to the study of the Markov 
spectrum, i.e., the set 
P(f) 
‘i 1 Jm 
where f ranges over the indefinite binary forms 
f( x, y ) = ux* i- bXJ> + cy* 
with real coeff%ents ~7, b, c, and where d(f) = b* - 4uc is the discriminant 
off (see, for example, [4, 51). 
2. NOTATION AND DEFINITIONS 
Let 
x= [xfJ,xl,x* ,... I=&)+ 
I 
1 
Xl +A 
x2 + ..* 
be the simple continued fraction expansion of a real number X. Thus, .x0 is 
the integral part of x, and x,, x1,..., are positive integers. 
If x is irrational, we denote 
F= [x0, x, ,..., XJ for any n > 0, 
n 
and 
p-1=q-2=1, p-2=q-j =o. 
For any n 2 -2, we call pn,/qn the nth convergent to X. 
For a quadratic irrational Q, the usual notation 
P = Lq,, al,..., a,,,, h ,..., &I (51 
indicates that b , ,..., b,, is repeated periodically. We do not require that the 
period b, ,..., bn have minimal length: thus we may and shall assume n 2 4. 
On the other hand, we shall assume m to be minimal, i.e., Us # bn. 
If p = [b, ,..., bn], we define m= -1. 
For the number p given by (5), we let 
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We shall use the Hurwitz approximating fractions r,,/u,,, s,Ju,, of an 
irrational number x (see [6]), which are delined as follows: 
and 
As usual, we say that the forms f and g are equivalent, if there exist 
integers a, b, c, d with ad - be = k 1 and 
identically. 
3. STATEMENT OF THE RESULT 
If j(x, JJ) is an integral form (i.e., with integral coeflkients), we denote 
the roots of f by p = [ao, a ,,..., am, bI ,..., b,,] and rr= [co, c ,,..., c~, 
d , ,..., dH], with m and r minimal, and by {p,Jqh}h2 -* and { P,,/Qk}k a Pz the 
sequences of the convergents to p and CT, respectively. We shall prove 
THEOREM 1. Let f(x, y) = a(x - py)(x - cty) be an integral form, a > 0, 
with p, a, p,,/q,,, P,,/Qt, as above, Let p and q be integers such that 
f(P? cl) = Mf 1. (7) 
Then p/q is necessarily a convergent to a root off unless f is equivalent 
but not equal to an integral multiple of the form x2 - xy - y2, and the minus 
sign occurs on the right side of (7). In this case there exists (up to the sign) 
one and only one solution p, q of (7) such that pJq is not a convergent to 
either root off This exceptional solution is given by 
bql= ~~~rm-~m-,>qm-qm-,~= W’,-~‘-I,Q,-Q~-,L 
and p/q is an approximating fraction of at least one of the roots of j 
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Remark. It is well known [3, p. 991 that j’is equivalent but not equal 
to an integral multiple of x2 - xy - y*, if and only if 
P = h aI ,..., urn, 1 i and o== h, cl, . . . . cr, ii, 
with RZ and r minimal and nonnegative. 
EXAMPLE. Let j(~, y) = 19~~ - 85xy + 9.5~~. Then &f) = 1, p = [Z, 3, 
2, i] and c = [2, 5, i], with convergents 2, $, q, 8 ,..., and 2, y, v ,..., 
res~ctiveIy. The solutions of (7) are & (7, 3), & (16, 7), & (23, lo),..., 
&(2, I ), k ( I I, 5), A( 13,6) ,..., and &(9,4), the exceptional solution of 
f(x, y)L -I. Th e f raction z is not a convergent to either p or C, but is an 
approximating fraction of both p and 0. 
4. LEMMAS 
LEMMA I. Let @, = [ffO,ai,al ,... ] und &= --[O,ffWl, G-* ,... 1, and Iet 
the sequences {Sk : k E Z 1, [ Tk : k E 72 1 be deemed GS fo~lows~ 
Lemma 1 is a simple consequence of some elementary properties of con- 
tinued fractions. 
LEMMA 2. Let g(x, y) be u termite reduced ~~tegr~~ f5rm, i.e., a form 
with roots 0, = [b ,,..., b,,] and @?= -[O, ba ,..., b[], and let {Sk], {Tkj be 
the sequences (8) for 8, arzd 6z. If 
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then there exists k such that 
This is an immediate consequence of the Lemma in [4, p. 19-j 
LEMMA 3 [3, p. 991. Let [co, c,, cz ,... ] be a root of f(x, y). Then 
ccl, C2?...1 is u root off(cOx+ y, x). Zf co B 0 then, for any integer cl, 
Lc- , 3 co> Cl ,*.. ] is u root off(y,x-csiy). 
LEMMA 4. Let g, 0, , f?*, Sk, Tk be as in Lemma 2, and let Wi = Wi(dl) 
(i= l,..,, n) be defined as in (6). Then 
ds-2, T-d= k&l 
(f” and o&y zy 
Wu - l = max { WI ,..., Wn 1. 
ProojI Let h(x, y) = g(Sezx + SVj y, Tbzx + T-3 y). By Lemma 1 we 
have 
so that by Lemma 3 the roots of h are 
cl= LLl, L b,> h,..., LA 
and 
It foilows that 
.&G Jz5 
wm-1=Ti-r2=~=/g(Se2, T-2)j’ 
Now the lemma immediately follows from the formula 
(see [1, p. 241). 
We remark that an argument similar to the proof of Lemma 4 shows 
that if 
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if and only if 
W I+1 = max{ W, ,..., Wn 1, 
where W,,+ , = WI (see also [7]). We point out that (11) is not equivalent 
to 
as is shown by the following example: let 
Ch = [4, 3, l,..., 3, 1, 3, 1, 3 ,..., 1, 31 
h times h times 
+ I% 3, L..., 3, 1, 3, 1, 3 1, 3, ,..., 41 
YizT-/ - 
and 
DJ,= [3, 1, 3 ,..., 1, 3, 4, 3, I,..., 3, I-, 
+ [O, 1, 3 ,..., 1, 3, 4, 3, l,..., 3, 1, 31. 
h times h times 
Since 
lim Ch=[4,~]+[0,~]=3+(JZ/3)<J5i 
h + a 
= [3, I] + [o, 1, 31 = >+mx D/,, 
we have 
for an appropriate choice of h. Now let 
lib ,,..., b,J = [l, 24, 3 ,..., 3-1 (n = 4h + 2). 
h times h times 
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even though 
b zh+r=4=max{b ,,..., b”j. 
This shows that Lemma 7 of [5] is incorrect. The reference to Dickson 
in [5, p. 3761 is also inaccurate. 
LEMMA 5. Lez p = [a*, aI ,.,., Us, bI ,..., b,,] and CJ= [co, cl ,..., cr, 
d I ,..., d,, J (m, r minimal) be the roots of a form f, with comergents pt,jqt, and 
PJ&, respectively. Let %, = [bI ,..., bn], %z= -[O, bn ,..., bI], and let Sk, Tk 
be the sequences (8) for %, and %z. Then 
(;; ;;-;)(sJ=(;:;;) (/k= --LO,1 ,... ). 
moreover, there exists i, 1 < i< 3, such that 
CT = [co, c-1 ,..., ~~,b,,-;,b~-i-~,...,b~,b~,b~--*,...,b~-~+,l, 
(k = i, i+ l,...). 
Also,ifb~~~~l,theni=lori=2. Whenbn-,=b,I=l,wehavei=3$ 
and onl~v if m 2 0 and r & 0. 
Lemma 5 is a straightforward consequence of (9), (10) and some elemen- 
tary properties of continued fractions, A complete proof requires a splitting 
into several cases, according to the values of m, bn ~- r , a,,, -, , and the sign of 
a,,-ba. 
LEMMA 6 [6, p. 4241. Let x be an irrational number, and /et a, b, c, d be 
integers such that b > 0, d > 0, bc - ad = 1, and a/b K x c c/d. Then (u/b, c/d) 
is a pair of approximating fractions of x. 
LEMMA 7 [8, pp. 80-82-J. Let f = ax2 + bxy + cy2 be an integral form, 
with a > 0. If 1 f (p, q)/ = ,u(f ), and p/q is not a convergent to either root ofA 
then -0~~ ql= -Afl. 
5. PROOFOF THEOREM 1 
Let p, G, pr,/qt,, PJ& be as in Section 3. Let %, = [b ,,..., bn] and 
%2 = -[O, b,,,..., b,], and let {Sk}, { Tk} be the sequences (8) for %, and %*. 
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Further, let Wi= Wi(Ol) (i= l,..., n) be detined as in (6). We let 
By (9) and Lemma 3, since 
g is a Hermite reduced integral form with roots Or and Oz. By (15) and 
Lemma 2, if 
then there exists an integer k such that 
Let z! be the integer satisfying (13) and (14). If i= 1 or 2, then, by (12) 
and (14), every pair of the form 
Thus, if i = I or i = 2, every solution (p, q) of (16) is such that p/q is a 
convergent to a root ofj 
If i= 3, then (2) occurs in (12) or (14) for a11 k # -2. 
Hence, if there exists an exceptional solution @, q) of (16), then i = 3 and 
so that the exceptional solution is unique up to the sign. Also, j”(p, q) = 
--p(j) by Lemma 7. 
First, we consider the case when f is not equivalent to any multiple of 
“x2 - XY - y2. Denoting bk = max{ b, ,..., bn}, we have bk > 1 by [3, p. 991. If 
i=3, then bnp,= 1 by Lemma 5. Hence, if bk 2 3, then, by (6), 
W n-,<3<.wk 
<max{ W ,,..., W,,); 
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if bk = 2, again we have 
- 
W n- 1 G [A 421+ L-0,1,21 
<[2,~]+[0,2,l]Gw!f 
<max{ W ,,..., Wn}. 
Then g(KT, TP1) # -tp(g) by Lemma 4. Therefore, (17) cannot be a 
solution of (16). This shows that if f is not equivalent to a multiple of 
x2-xy-y2, then (16) has no exceptional solution. 
We now consider the case when j- is equivalent to a multiple of 
.x2 - xy - y2. Then, by [3, p. 991, 
b,c . . . =bn= 1. (181 
Iffitself is a multiple of x2-xy-$=(x-[i] y)(x-[-1,2,i] y), 
then m= -1 and r= 1. By Lemma 5, i= 1 or i=2, so that again (16) has 
no exceptional solution. 
If f is equivalent but not equal to a multiple of x2 - xy - y2, then m 2 0 
and r > 0, so that i = 3 by Lemma 5. From (18) we obtain 
In particular, Wn - 1 = max{ Wl,..., Wn}, so that, by Lemma 4, (17) is a 
solution of (16). Since Sp2/T-2 = -[O, bn] = l/-l, we may rewrite (17) as 
follows: 
On interchanging p and CJ throughout, we also get 
By (18) and the minimality of m and r, we have aM # 1, C~ # 1. By 
elementary properties of the sequences {qh}, {Qh}, this implies that p/q is 
not a convergent to either p or cr. 
Since 
Pm-Pm-1 Pm Pm-l <-<p-c- if m> I, m even, 
qtn-cl??-I elm qm-1 
Pm-l <p<P~<Pnt-Pm-l if m > 1, m odd, 
qm-1 qm ~l?l--c7??~1 
(pm - pm - i )/(qm - qm ~ 1) is an approximating fraction of p, by Lemma 6. 
This completes the proof of the theorem. 
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